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FINITE-PARAMETERS FEEDBACK CONTROL FOR STABILIZING 
DAMPED NONLINEAR WAVE EQUATIONS 


VARGA K. KALANTAROV AND EDRISS S. TITI 

Abstract. In this paper we introduce a finite-parameters feedback control algorithm for 
stabilizing solutions of various classes of damped nonlinear wave equations. Specifically, 
stabilization the zero steady state solution of initial boundary value problems for nonlin¬ 
ear weakly and strongly damped wave equations, nonlinear wave equation with nonlinear 
damping term and some related nonlinear wave equations, introducing a feedback con¬ 
trol terms that employ parameters, such as, finitely many Fourier modes, finitely many 
volume elements and finitely many nodal observables and controllers. In addition, we 
also establish the stabilization of the zero steady state solution to initial boundary value 
problem for the damped nonlinear wave equation with a controller acting in a proper 
subdomain. Notably, the feedback controllers proposed here can be equally applied for 
stabilizing other solutions of the underlying equations. 


1. Introduction 

This paper is devoted to the study of finite-parameters feedback control for stabiliz¬ 
ing solutions of initial boundary value problems for nonlinear damped wave equations. 
Feedback control, stabilization and control of wave equations is a well established area 
of control theory. Many interesting results were obtained, in the last dacades, on stabi¬ 
lization of linear and nonlinear wave equations (see , e.g., H, mi, m.isMzgmp] 
and references therein). Most of the problems considered are problems of stabilization by 
interior and boundary controllers involving linear or nonlinear damping terms. However, 
only few results are known on feedback stabilization of linear hyperbolic equation by em¬ 
ploying finite-dimensional controllers (see, e.g., [3J and references therein). 

We study the problem of feedback stabilization of initial boundary value problem for 
damped nonlinear wave equation 

d^u — A u + bd t u — au + f(u ) = —p/u;, i6fl,t>0, (1.1) 

nonlinear wave equation with nonlinear damping term 

d^u — A u + bg(d t u ) — au + f(u ) = — /aw, x £ fi, t > 0, (1.2) 

and the strongly damped wave equation 

djju — A u — bAd t u — Xu + f{u) = —/aw, (1.3) 
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Here and in what follows /i, a, b, v are given positive parameters, w is a feedback control 
input (different for different problems), /(•) : R —> R is a given continuously differentiable 
function such that /(0) = 0 and 

f(s)s - J'(s) > 0, f'(s) > 0, Vs e R, D(s) := [ /(r)dr, Vs e R. (1.4) 

Jo 

We show that the feedback controller proposed in [T| for nonlinear parabolic equations 
can be used for stabilization of above mentioned wide class of nonlinear dissipative wave 
equations. We also show stabilization of the initial boundary value problem for equation 
(tm with the control input acting on some proper subdomain of fl 
Our study, as well as the results obtained in [I], are inspired by the fact that dissipa¬ 
tive dynamical systems generated by initial boundary value problems, such as the 2D 
Navier - Stokes equations, nonlinear reaction-diffusion equation, Cahn-Hilliard equation, 
damped nonlinear Schrodinger equation, damped nonlinear Klein - Gordon equation, non¬ 
linear strongly damped wave equation and related equations and systems have a finite 
dimensional asymptotic (in time) behavior (see, e.g., [2],|6]- 

references therein). This property has also been implicitly used in the feedback control of 
the Navier-Stokes equations overcoming the spillover phenomenon in [5] 

Motivated by this observation, we specifically show 

(1) stabilization of ID damped wave equation (11.11) . under Neuman boundary condi¬ 
tions, when the feedback control input employs observables based on measurement 
of finite volume elements , 

(2) stabilization of equation (II.ip . under homogeneous Dirichlet boundary condition, 
with one feedback controller supported on some proper subdomain of D C R", 

(3) stabilization of equation (II.ip and equation (1 1.3 11 . under the Dirichlet boundary 
condition, when the feedback control involves finitely many Fourier modes of the 
solution , based on eigenfunctions of the Laplacian subject to homogeneous Dirich¬ 
let boundary condition, 

(4) stabilization of the ID equation (11.31) . when the feedback control incorporates 
observables at finitely many nodal points. 

In the sequel we will use the notations: 

• (•, •) and || • || denote the inner product and the norm of L 2 (fl), 
and the following inequalities: 

• Young’s inequality 

ab < ea 2 + -b 2 , (1.5) 

that is valid for all positive numbers a, b and e 

• the Poincare inequality 


u\\ 2 < Aj -1 1| Vw|| 2 , 


(1.6) 
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which holds for each u £ H ( ] (Q). 


2. Feedback control of damped nonlinear wave equations 

In this section, we show that the initial boundary value problem for nonlinear damped 
wave equation can be stabilized by employing finite volume elements feedback controller, 
feedback controllers acting in a subdomain of hi, or feedback controllers involving finitely 
many Fourier modes. 

1. Stabilization employing finite volume elements feedback control. We 

consider the following feedback control problem 


( 2 . 1 ) 


d(u - ud 2 x u + bd t u - Xu + f{u) = -/J )T) u kXj k ( x ), x £ (0, L), t > 0, 

k= 1 

d x u(0,t) = d x u(L,t ) = 0, t > 0, 
u(x, 0 = uo(x), d t u(x, 0) = ui(x), xE(0,L). 

Here J k := [(k - 1)^, kjf) , for k = 1, 2, • ■ ■ N - 1 and J N = L,L ], 

( f> k := f (p(x)dx, and XJ k ( x ) i s ^ ie characteristic function of the interval J k . In what 

Jk 

follows we will need the following lemma 
Lemma 2.1. (see ra; Let (j) £ H l (0, L). Then 

N 


< h\\(/)a 


k =1 


and 


where h := jj. 


N 


ii^ii 2 <'>E 


—2 


+ 


k =1 


h 

2tt 


H: 


2 

x || ? 


( 2 , 2 ) 


(2.3) 


By employing this Lemma, we proved the following theorem: 

Theorem 2.2. Suppose that the nonlinear term /(•) satisfies the condition (11.41) and that 
/i and N are large enough satisfying 


p> 2 A + 


where 


^ r ,t2 L 2 (, 5o b 

ani N y W A + l" 


So = — min{l, v}. 


Then each solution of the problem (12.ip satisfies the following decay estimate: 

\\d t u(t)\\ 2 + \\d x u(t)f < K( ||ui|| 2 + \\d x u 0 \\ 2 )e- 5ot , 
where K is some positive constant depending on b, A and L. 


(2.4) 

(2.5) 

( 2 . 6 ) 
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Proof. First observe that one can use standard tools of the theory of nonlinear wave 
equations to show global existence and uniqueness of solution to problem (12. ip (see, e.g., 

m- 

Taking the L 2 (0, L) inner product of (12.ip with d t u + eu , where e > 0 is a parameter, to 
be determined later, gives us the following relation: 


d 

dt 


u 1 1 

\\^tu\\ 2 +-\\d x u\\ 2 - ~{£b - \)\\u\\ 2 P / J r (u)dx + + e(tt, d t u) 


k =1 


N 


(■b - £)\\d t u\\ 2 + £u\\d x u\\ 2 - eA||n|| 2 + e(f(u),u) + e/ih u 2 k = 0. (2.7) 


k =1 


It follows from (12. 7p that 
d 


dt 


®e(t) + d$e{t) + {b- £)\\d t u\\ 2 + £u\\d x u\\ 2 - £A||w|| + £(f(u),u) 


N 


+ £nhJ2 u l - i\\ d M\ 2 - ^Il<9*w|| 2 - 5 -{£b - A)||n|| 2 - <5(.F(u), 1) 


k =1 


5 


N 


-hji ^ u 2 k — 5e(u, d t u ) — 0. (2.8) 


k =1 


Here 


1 " ~ - .x .|2 V II r, 11 2 ^ 


«h £ (t):=-||^)|| 2 +2ll^)l| 2 +2^- A )ll^)l| 2 + / ^Hx,t))dx 


N 


-hnJ2u 2 k {t) + £(u{t),dtu(t)). 


k =1 


Due to condition (II .4j) and the Cauchy-Schwarz inequality we have the following lower 
estimate for $ e (t) 

N 


<m«) > jii9««ii 2 +biwi 2 +(h - A _ e qi| U || 2 + 


ul- 


k =1 


By choosing e e (0, |] and by employing inequality (12.3p . we get from the above in¬ 
equality: 


*.(<)> j \\8 t nf+ V -\\d I uf - ^ 

+ - () - ll 9 *“ll 2 + ,! (f 

k =1 \ / - 

Thanks to the condition (12.41) we also have 

*,(*)> I|| 9 tU (i )|| 2 + *|| 9 I «(()|| 2 , 



N 

vj> 2 ., < 2J ) 

k =1 


( 2 . 10 ) 
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where d 0 = j0^2, and <5 0 is defined in (I4.2ip . 

Let 5 G (0,e), to be chosen below. According to condition (II.4|) f(u)u > J r (u),Wu G M. 
Therefore (12.811 implies 


J t Ut) + »«(«) + \\\a t nf + (y - |)R«|| 2 

6X 5b 2 bX 


|u|| 2 + /r/r 


(i-i)x: 

v 7 k =1 


We choose here 5 = 5 0 := § min{ v, 1} and employ inequality 


—<f> £ (t) + 5 0 $ £ (t) + -||<%n|| 2 + 


bv 


-w A + 


5 n b 


4n 2 N 2 

bh 
' Y 


nl< 0 . ( 2 . 11 ) 

to obtain: 

\\d x uf 

sm N 

^2^1 < o . 


a-( x + s A 


k =1 


Finally by using condition (12.4p we get: 

at 

Thus by Gronwalls inequality and thanks (12.10h we have 

\\d t u(t)\\ 2 + \\d x u(t)\\ 2 < K(\\ Ul \\ 2 + \\d x u 0 \\ 2 )e- Sot , (2.12) 

where <5 q is defined in (14.211) . and K is a positive constant, depending on b, A and L. □ 


2.1. Stabilization with feedback control on a subdomain. In this section we study 
the problem of internal stabilization of initial boundary value problem for nonlinear 
damped wave equation on a bounded domain. We show that the problem can be ex¬ 
ponentially stabilized by a feedback controller acting on a strict subdomain. So, we 
consider the following feedback control problem: 

d 2 u — A u + bd t u — au + \u\ p ~ 2 u = — nXu}(x)u, x G t > 0, (2-13) 

u(x,t) = 0, x G t > 0, (2-14) 

u(x, 0) = uo(x), d t u(x, 0) = ui(x), x G (2.15) 

Here a > 0, p > 2 are given numbers, and // > 0 is a parameter to be determined, fl C M n 
is a bounded domain with smooth boundary dfl, y w (x) is the characteristic function of 
the subdomain u C H with smooth boundary and ID C fh 
Let us denote by Ai(/q f2) the first eigenvalue of the elliptic problem 

—An + fiXu(x)v = An; x G 0, n = 0, x G <9f2, 

and denote by Ai(H aJ ) the first eigenvalue of the problem 

— Au = An, x G fL; n = 0, x G <9fL, 

where fY := \ U. We will need the following Lemma in the proof of the main result of 

this section: 
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Lemma 2.3. (see, e.q..[30]) For each d > 0 there exists a number po(d) > 0 
the following inequality holds true 

f (|Vu(a;)| 2 + nxu(x)v 2 (x)) dx > (Ai(fi w ) - d) f v 2 (x)dx, Wv G H 
Jn Jn 

whenever n > p 0 . 

Theorem 2.4. Suppose that 

3 b 2 

Ai(^oj) > 4a + —, and p > /r 0 , 

where /mq is the parameter stated in Lemma HP , corresponding to d = |Ai(J2, 
the energy norm of each weak solution of the problem fj2.13p - 02.15p tends to zer 
exponential rate. More precisely, the following estimate holds true: 

\\9 t u{t)\\ 2 + l|Vw(*)|| 2 + IKOH^n) < C 0 e~^, 

where C 0 is a positive constant depending on initial data. 

Proof. Taking the L 2 (Q) inner product of (12.131) with d t u + |u we get 


d . , b 

Jt Eb(t) + 2 


\\d t u\\ 2 + \\X7u\\ 2 - a\\u\\ 2 + \\u\\ p LP ^) + d / Xuj{x)u 2 (x)dx 


= 0, 


where 


E b{t) ■= \\\dtu\\ 2 + l -\\X/u\\ 2 - ^\\u\\ 2 + ^\\u\\ p Lpm + | ^Xco{x)u 2 (x)dx 


(u, d t u) + 


By Cauchy-Schwarz and Young inequalities we have 

^\(u,dtu)\ < ^\\d t u \\ 2 + j || u || 2 . 

By employing (I2.20K . we obtain the lower estimate for Ef,(t ): 

EM > i||S t!1 || 2 + i||V«|| 2 + l||«ir„ (n) + J [llVi.ll 2 + 2 / t.|M|i >| - 2a|| 

According to Lemma 12.31 

||Vu|| 2 + l\\u\\ 2 L 2 H > ^Ai(fi w )IM| 2 > for every p > p 0 . 
Thus, thanks to condition 02.17p . we have 

EM > )||9i«I| 2 + 4|| Vm || 2 + l||u||i, (n) . 


u\ 


such that 

(2.16) 

(2.17) 

y ). Then 
o with an 

(2.18) 

(2.19) 



( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 


(2.23) 
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Adding to the left-hand side of (12.19[) the expression E b (t) — 5E b (t ) with some 5 > 0 (to 
be chosen below), we get 

jE b (t) + SE„(t) + \(b - i)||S ,«|| 2 + \(b - 5)||V «|| 2 

+ ^(aS-ab- ^-)W | 2 + ^( 6 -i)||u||i 2 ( „) - ]pb(u,d t u) = 0 
We use here the inequality 

1 h hi) 2 

-5b\(u,d t u)\ < ^\\d t u\\ 2 + —\\u\\ 2 , 

then in the resulting inequality we choose 5 = and get: 

IIViif + filMliv) - (2a + 5& 2 )||u|| 2 . 

Finally, by using the condition (I2.17p . thanks to Lemma [2.31 we obtain 

d _ ^ . b ^ . . 

—E b (t) + - E b (t ) < 0 . 

Integrating the last inequality and taking into account (12.231) . we arrive at the desired 
estimate (12.180 . 

□ 


d _ . , b ^ , . b 

jE b (t) + -E„(t) + - 


3. Stabilization employing finitely many Fourier modes feedback controls. 

In this section we consider the feedback control problem for damped nonlinear wave 
equation based on finitely many Fourier modes, i.e. we consider the feedback system of 
the following form: 

N 

d 2 u — oAu + bd t u — au + \u\ p ~ 2 u = —p x G fi, t > 0, (2.24) 

k =1 

u = 0, xedQ, t > 0, (2.25) 

u(x, 0 = u 0 (x), d t u(x, 0) = Ui(x), x G t > 0. (2.26) 

Here z/>0,a>0,6>0,yU>0,p>2 are given numbers; Wi, w 2 , ..., w n , ... is the set of or¬ 
thonormal (in L 2 (fl)) eigenfunctions of the Laplace operator —A under the homogeneous 
Dirichlet boundary condition, corresponding to eigenvalues 0 < Ai < A 2 • • • < A n <, • • •. 

Theorem 2.5. Suppose that p and N are large enough such that 

v > (2 a + 3b 2 /A)Xf^ +l , and p > a + 36 2 /4. (2.27) 

Then the following decay estimate holds true 

\\d t u{t)\\ 2 + || Vu(f )|| 2 + [ \u(x, t)\ p dx < E 0 e~^, 

Jn 


( 2 . 28 ) 
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where 


Eo ■■= ^||wi|| 2 + !j|| Vmq || 2 + ( h — - |)||^o|| 2 + \ [ \u 0 (x)\ p dx + ^ ^{u^Wkf + |(u 0 ,u 1 ). 


PJn 


k=1 


Proof. Multiplication of (j2.24[) by d t u + |u and integration over fl gives 


d _ . . b 

Jt Eb[t) + 2 


A 


\\d t u\\ 2 + v\\X7u\\ 2 - a\\u(t)\\ 2 + / \u\ p dx + id^2(u,w k y 


k =i 


= 0, (2.29) 


where 


LV) :=i||a i «WII 2 + ^llv«(i)ll 2 

,b 2 


Ct - £)IK *)|| 2 + ^ / K<M)| p <fc + ^ J](w(t), w fc ) 2 + £(u(t), ^u(t)) 


A 


4 2 


P Jn 


k=1 


Thanks to the Cauchy-Schwarz and Young inequalities we have 


^|(u(i),9tu(t))| < ^||ftu|| 2 + j|M| 2 . 


Consequently, 


s t (i)> jM 2 + ^l|V«|| 2 -^INI 2 + 


i r N 

- / \u\”dx +^-’y2(u,w k ) 2 . 

pJ“ 2 hr 


Since 


fl || II 2 , d 

2 H^ll +2 


A 


A 


+ f - a)^{u,w k ) 2 - - (u,w k ) 2 , 


k=1 


k=1 


fc=A+l 


by using the Poincare -like inequality 


A 


110- - a a+iII v 0II 2 > 


k=1 


which is valid for each (f) G // 0 ' (O), we get 


A 


(2.30) 


E b (t) > ^\\d t u\\ 2 + ^ (i/ - aA^+J || Vu|| 2 + ^(// - a) ^(u,w fc ) 2 + - f \u\ p dx. (2.31) 

k=1 ^ 


Thus, 


> tII^II 2 + ^l|V«|| 2 + - f \u\ p dx. 
4 4 p J n 


(2.32) 


Adding to the left-hand side of (I2.29jl the expression 5Ej,(t) — 5Eb(t) (with 5 to be 
chosen later), we obtain 
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j t W) + SE b (t) + 1(6 - <5)||3 t u|| 2 + V -(b - 5)||V«|| 2 


ba Sa 8b 2 \ 2 /b S , „ 

t + B "’ 11 + i = - = i H""' 




2 2 / 11 lliP ( n ) 

N 


k =1 


We choose here 5 = |, and obtain 

n h uh 

-E b (t) + 5E b (t) + -\\d t u\\ 2 + ^uf 


*j + j) IHI 2 + - j( u ’ d t u ) = °- ( 2 - 33 ) 

' k =1 


Employing the inequality 


j\(u,d t u)\ < ^\\d t u\\ 2 + Ygll^ll 2 , 


and inequality (I2.30H . we obtain from (12.34)1 : 

b 
4 


jE b (t) + 6E„(t) + j [v - (a + 36 2 /4)Ay +1 ] ||V«|| ; 


N 


-[^-(a + 3b 2 /A)\J2^^k) 2 . (2.34) 


k =1 


—E b (t) + 8E b (t) + ^2 _ 2 ) ^ 2 ^ _ a ^N+ 1 ) II Vw|| 2 + 


N 


^ - 5 - ) / M Pcb 


fc=i 


o 


-5 


j IM! 2 + y(«,3tu) < 0. (2.35) 


By using the inequalities 


8b b 2 £ 2 6 2 

y|(M,<9^)| < -||$u|| + — ||u|| , 


and (I2.30P in (I2.35p we get 

—E b (t) + <5 £),(£) + ^4 _ 2) W ® tU \\ 2 + ^2^ ~~ a ^N+i) -^“-V+i —^ II Vn|h+ 


> ~ «) - ^) £(W + ( 5 - =) / - 4 ( t - 5 - ) IMI 2 * »■ 


A 


fc=l 


b 8 


2 p 


b 2 a 8 2 b 


4 2 4 
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By choosing S — | 

d _ . . b „ , , 

+ 2 k(i) + 


we obtain 


,fe 2 3 

„-( ¥ + -o)A 


-1 

1V+1 


l|v»|| 2 + | 



N 

^2(u,w k ) 2 < 0. 


L -i L J k=1 

Taking into account conditions (j2.27j) we deduce from the last inequality the inequality 

—E h (t) + - E b (t) < 0 . 

Integrating the last inequality we get the desired estimate (I2.28P thanks to (I2.32p . □ 


Remark 2.6. We would like to note that estimate (I2.28P allows us to prove existence of 
a weak solution to the problem (12 .24j) . (12.251) such that (see [ 24] ) 

ueL°° (M + ; H^{n) n L P (Q)) , u G L°° (R+; L 2 ( fl)) 

Note that there are no restrictions on the spatial dimension of the domain hi or the growth 
of nonlinearity. 


3. Nonlinear Wave Equation with Nonlinear Damping term:Stabilization 

with finitely many Fourier modes 

In this section we consider the initial boundary value problem for a nonlinear wave 
equation with nonlinear damping term with a feedback controller involving finitely many 
Fourier modes: 


N 

d 2 u — uAu + b\d t u\ m - 2 d t u — au + \u\ p ~ 2 u = —/i w k )w k , x E Cl,t > 0, (3.1) 

k =1 

u = 0, x e dfl, t > 0, (3.2) 

u(x, 0) = uo(x), d t u(x, 0) = ui(x), i6fl, (3.3) 

where i'>0,6>0,a>0,p>m>2 are given parameters. 

We show stabilization of solutions of this problem to the zero with a polynomial rate. 
Our main result is the following theorem: 

Theorem 3.1. Suppose that p ad N are large enough such that 

v > 2a\J f 1 +1 , and p > a. (3.4) 

Then for each solution of the problem (15. II) - (15.51) following estimate holds true 

\\d t u(t)\\ 2 + ||Vu(t)|| 2 + f \u(x, t)\ p dx < Ct (3.5) 

Jn 

where C is a positive constant depending on initial data. 

Proof. Taking the inner product of equation (13.11) in L 2 (Q) with d t u we get 


f t £(t)+b\\d l u(m m =o, 


(3.6) 
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where 

11 i N 

m := -||S i «(«)|| 2 + -||V«( t )|| 2 - |||«(«)|| 2 + -|| M (i)|| p „(Q) + (3.7) 

P Z k =1 

Similar to (I2.3ip we have 

N 

£(t) > \\\d t uf + ^ (i/-aA^i) ||Vu|| 2 + i(/i-a)^(M,w fc ) 2 + i f \u\ p dx 

k= 1 ^ ^ 

>i||S 1 «l| 2 + ^l|V«|| 2 + i|Ki)r i » (0 ). (3.8) 

This estimate implies that the function £(i) is non-negative, for t > 0. Let us integrate 
(13.6(1 over the interval (0, t): 


£(0)-£(*) = / ||ftu(r)||™dr. 
./o 

Taking the inner product of (13.1(1 in L 2 (£l) with w gives 

d 
dt 


(3.9) 


A 


(u, d t u) = ||<9 t w|| 2 — y|| Vu|| 2 — b / w|<9tw| m 2 d t udx + a||u|| 2 — / |tt| p c(x — /_/ w k y 

Jn Jn k=1 


By using notation (13.7() we can rewrite the last relation in the following form: 


±(n,a l u)='i\id l n\\ 2 -em- y -\\vu \\ 2 


a.| o R 

2II M H ~2 


A 


%'52( u > w k? 


k =1 


p — 1 

P Jn 


\u\ p dx — b / u\d t u\ m 2 d t udx. (3.10) 


By using inequality (I2.30p we obtain from (13.10p 


A 


d (u,d t u) < -£(t) + ^\\d t u \\ 2 - hp - a)^(u,w k f 


dt 


k =1 


+ | (u,w k ) 2 -^\\Vu\\ 2 + b lju\\d t u\ m 1 dx< -£{t) +-\\d t u\\‘ 


k=N +1 


A 


“ o(/ i_a )5Z( U ’ U;fc ) 2_ 9(^ _aA ^+l)ll VM l| 2 + & / MI^ U P lcte - 


fc=l 


Taking into account condition (13.411 we deduce the inequality 

£{t) < ~^{u(t),d t u(t)) + ^\\d t u{t)\\ 2 + b j Hx,t)|<9p/(:r,t)| m_1 d£. 
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After integration over the interval (0,f), we obtain 
/ S{r)dr < (u(0),d t u(0)) - (u(t ), d t u(t)) 



\\d t u(T)\\ 2 dr-\-b / / \u(x, r)\d t u(x, r)| m 1 dxdr. (3.11) 


(3.12) 


o Jn 


Since S(t) < £(0) and p > 2, then due to (13.81) - we have 

|(u(0),<9 t u(0)) - (u(t),d t u(t))\ < C : 
where C depends on the initial data. 

By using the Holder inequality and estimate (13.91) . we estimate the second term on the 
right-hand side of (I3.11|) : 


\\dtu(r)\\ 2 dr = / / \d t u(x, r)| 2 • ldxdr 


o Jn 


m —2 __ m — 2 


< \\dMr)\\^m m drJ (|H|f) - < Ct ™ . (3.13) 

The third term on the right-hand side of (13.111) we estimate again by using the estimates 
(13. similarly (recalling that m < p): 



\dtu(x, r)\ m 1 \u(x,T)\dxdT 


0 Jn 


< 



| d t u(x, T)\ m dxdr 


0 Jn 



\u{x, T)\ m dxdr j < Ct m . (3.14) 


0 Jn 


Since £ (t) is non-increasing, positive function we have: 

t£(t) < l £{r)dT. 

Jo 

Thus employing (13.121) - (13.151) we obtain from (13.lip 

£(t) <Ct-**r. 

Hence 

lia^WII 2 + IIv«(i)f + N*)IIL (n) < ct- 


(3.15) 


(3.16) 

□ 


Remark 3.2. We would like to note that unlike the result on finite set of functionals 
determining long time behavior of solutions to equation 

d^u — uAu + b\d t u\ m ~ 2 d t u — au + \u\ p ~ 2 u = 0, 

under the homogeneous Dirichlet’s boundary condition, established in [7], (as in the case 
of the equation (12.240 ). we do not require restrictions neither on the dimension of the 
domain fl nor on the parameters m > 0,p > 0. It suffices to know that problem (12.240 - 
(I2.26P has a global solution such that (see, e.g., [24]): 

u e L°° (M+; Hq(Q) n L p (H)) n L m+2 (R+; L m+2 (H)), u e L°° (M+; L 2 (H)) . 
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4. Nonlinear Strongly Damped Wave equation 

In this section, we study the problem of feedback control of initial boundary value 
problem for nonlinear strongly damped equation with controllers involving finitely many 
Fourier modes and by nodal observables. 

1. Feedback control employing finitely many nodal valued observables. 

First we consider first the following problem 

N 

d 2 u — d 2 u — bd 2 d t u — au + f(u ) = —/! ^2 hu{x k )5{x — x k ), 16 (0, L), t > 0, (4.1) 

fc=i 


w(0, t ) = u(L, t) = 0, x G (0, L), t > 0, (4.2) 

where x k , x k G J k = [(k — 1)-^, k^], k = 1,..., N,h = j^, /(•) is continuously differentiable 
function that satisfies the conditions (jl.4[) . d(x — x k ) is the Dirac delta function, a, b and 
/i are given positive parameters. 

Our estimates will be based on the following lemma: 

Lemma 4.1. (see,e.g®) Let Xk, Xk G Jk = [(k — 1) h,k h ], k = 1,.., N, where h = j?, 
N G Z + . Then for every (p G H 1 ( 0, L) the following inequalities hold true 

N 

^2 \ip{x k ) - v(x k )\ 2 < h\\ip x \\ 2 L 2 , (4.3) 

k =1 


and 


< 2 


N 


h ^2 l^(^fc)| 2 + h 2 Wv* 


fc=l 


(4.4) 


Taking the H 1 action of (14. ip on d t u + eu G H 1 , where e > 0, to be determined, we 
get 


d 

dt 


^\\d t u\\ 2 + ^(1 + eb)\\d x u\\ 2 - a||w|| 2 + (F(u), 1) + e{u, d t u) 


+ 


b\\d t d x u\\ 2 + e\\d x u\\ + e(f(u),u) - ae\\u\\ 2 - £||^u|| 2 = 


N 


N 


lih^2u{x k )d t u(x k ) - £/j,hy^u(xk)u(x k ). (4.5) 


k =1 


k =1 


By using the equalities 


N 


1 d 


N 


N 


5 2u{x k )d t u(x k ) = NUI + ^2u(x k ) ( d t u(x k ) - d t u(x k )) 


k =1 


k =1 k =1 


N N N 

^ 2u{x k )u(x k ) = ^u 2 (x fc ) + ^u(xfc) (d t u(x k ) - u{x k )), 

/c=l /c=l fc=l 


and 
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we can rewrite (14. 5p in the following form 
d 


N 


dt E eif) + b \\u x t\\ 2 + £ \\d x u\\ + e(f(u),u) - ae\\u\\ 2 - £\\d t u\\ 2 + e^h Y u 2 (x k ) = 

k =1 

N N 

- l-ih y, w(xfc) (d t u(x k ) - dtu(x k )) - ejih Y (u^) - u(x k )) , (4.6) 


fc=i 


fc=i 


where 


A 


:= ^||^m|| 2 + ^(1 + eb)\\d x u\\ 2 - a\\u\\ 2 + ( F(u ), 1) + e(u,d t u) + ^-'^u 2 (x k ). 


2 " 11 2 
By using inequality (14. 4 p we obtain 


fc=i 


£.(*)> 7 M 2 + 


-(1 + eb) — 2(a + e 2 )h 2 


||a x u || 2 + £:(F(M),l) + 


^-2 (a + e 2 )h 


N 


^u 2 {x k ). (4.7) 


k =1 


Employing (14. 3 1) we get 


Hh^ujxk) (d t u(x k ) - d t u{x k )) < ^j^^u 2 (x k ) + — \\d x d t u\\ 2 , (4.8) 

k =i 4 fc=i e 

N h N h 2 

^Yu{x k ) ( u(x k ) -M(x fc )) < ^-^-u 2 (x fc ) + —ll^^ll 2 - (4.9) 

fc=i 4 fc=i £ 

Now we choose £ = ^, use the Poincare inequality, (1 1.6 p . and inequalities (14. 8p and (14.9p 
in (14. 6 p and obtain: 

— E e (t ) H— \\d x d t u\\ 2 + (£ - nh 2 } ||9 x w|| 2 + e(F(u), 1) — a£||w|| 2 + 


N 


dt 


We employ here inequality (11.11) to obtain 


N 


-e/i/i^u 2 (a: fc ) < 0. 


k =1 


d 

dt 


E e [t) + ~||Wxf|| 2 + ( £ - jxh 2 — 4 a£h 2 j ||9 x ii|| 2 + £(F(u), 1) + 


N 


-£fih — 2 a£h) u2 ( x k ) < 0. (4.10) 


k =1 


It is not difficult to see that if // is large enough such that 

/ A 2 6 2 ' 

jx t> 4 ( ci 4~ — 


4 


(4.11) 
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and N = j is large enough such that 


^ - 2h 2 ( ^ 


— a\\b ) > 0, 


A, 6 

a 2 \\b 2 h 2 - fill 2 > 0, 


2 \ 2 7 , 21,2 .72 


then there exists d\ > 0 such that 

E e (t) > di (||^|| 2 + \\d x u\\ 2 ) , 
and that there exists a positive number 5 such that 


(4.12) 

(4.13) 

(4.14) 


2 ll“n| 


/ A \ 1 N 

+ ( £- fih 2 i \\d x u\\ 2 + £(F(u),l) — a£\\u\\ 2 A — £fih^^u 2 (x k ) >8E £ (t). (4.15) 

\ £ y k =i 

By virtue of (14.15[) we deduce from (14.101) the inequality 

+ &E e {t) < 0. 

This inequality and inequality (14.141) imply the exponential stabilization estimate 

\\d t u(t)\\ 2 +\\d x u(t)\\ 2 <D 0 e- St . (4.16) 

Consequently we have proved the following: 


Theorem 4.2. Suppose that conditions (I4.11j) - (l4.13j) are satisfied. Then all solutions of 
the problem (14. lj) - (14.21) tend to zero with an exponential rate, as t —» oo. 

Remark 4.3. By using similar arguments we can prove an analog to Theorem 14.21 for 
solutions of the semilinear pseudo-hyperbolic equation 

N 

d 2 u-u xxtt -vd 2 x u-bu xxt -au + f(u) = -fi^hu(x k )5(x-x k ), x G (0, L),t > 0, (4.17) 

k =1 

under the boundary conditions (14. 2 j) or under the periodic boundary conditions. Here 
a, 6, v are positive parameters, and / satisfies conditions (11.41) . fi and N should be chosen 
appropriately large enough. 


4.1. Feedback control employing finitely many Fourier modes. The second prob¬ 
lem we are going to study in this section is the following feedback problem 

' N 

d 2 u — uAu — bAd t u — au + \u\ p ~ 2 u = — fi X) {u, w k )w kl x G 0, t > 0, 

u(x, 0) = Uq(x), d t u(x, 0) = ufix), x G O, 
u — 0, x G dfl, t > 0, 


where z/>0,6>0,a>0,p>2 are given parameters. 

The following theorem guarantees the exponential feedback stabilization of solutions of 
problem (I4.18jl 
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Theorem 4.4. Suppose that p is large enough such that 


p > 2 a + — 


and N is large enough such that 


u> ^2a + ^N+n 


where 


S n : = 


h\\v 


2v + 6 2 Ai 

Then the solution of (I4.18P satisfies the following exponential decay estimate: 

ii^)ir+iiv«(t)ii 2 +ii«(t)r LP(n) < E 0 e Sot , for allt > 0. 
with a constant E 0 depending on initial data. 

Proof. The proof of this theorem is similar to the proof of Theorem 12.51 
The energy equality in this case has the form 

d 


j t E £ (t) + b\\Vd t u(t)\\ 2 -e\\d t u(t )\\ 2 


N 


(4.19) 


(4.20) 


(4.21) 


(4.22) 


■ evW V«(f)|| 2 + £ / \u(x, t)\ p dx — ea||n|| 2 + ep ^^(n(f), Wk) 2 = 0, (4.23) 


fc=i 


where £ — and 


+ s 5Z(“’ Wfc ) 2 + dtU ">- 


E eit) -=^\\d t u\\ 2 + ^(u + sb)\\Vu\\ 2 ~^\\u\\ 2 +jJ\u\\ P LP(n) r - 


k =i 


Employing the Young inequality (11. 5p . the Poincare inequality (11.61) . the Poincare-like 
inequality (II.6(1 . and the conditions (I4.19P and (I4.20p we get: 


E e(i) > "T 11 <9*^11 2 + ~ v + 


^(u,wtf>\\\d<uf+"-\\Vu\\ 


b 2 Ai 


l|V«|| ! 


a b 2 A? 

2 ~A~ 


I II2 i || IIP 

Ml + HMI LP(n) 


k= 1 


2 - \ IMI 2 + \ Wfc ) 2 + “MLp ( n) 


fc=i 


> 


i n i 

tM 2 + jliv«ll 2 + (j- (Y‘ +1 ) ||v u || 2 + (2-£)u, t ) 2 + -| 

' ' " k =i ” 


tu 


LP(f2) 


>i||S.«ll 2 H-jl|V«|| 2 + i||«.r„ (n) . 


(4.24) 
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Let 6 G (0, £), be another parameter to be chosen below. Then employing the Poincare 
inequality, and the fact that 5 < £ = X\b/2, and p > 2, we obtain from (j4.23j) 


d 

dt 


E e (t) + SE e {t) + 


b _ 5 

2 _ 2A~i~ 


nv^ir 


/ bX±v 5 b 2 Ai \ r 


abXi 


Mr + 


bX 1 


- I \\u\ 
P 


lp(q) 


P 

2 


(bXi - S) y^Q, w k f 


SX x b 


u,d t u)< 0. (4.25) 


fc=i 


By using the inequality 


]^5Xib\{u,d t u)\ < ^<5A£&||V^u|||MI < ^-\\Vd t u\\ 2 + ^Xlt> 2 \\u\\ 2 , 


and assuming here that 5 G (0, s), we get 


d 

dt 


E £ (t) + SE £ (t) + 


2 


vbXi - 5(i/ + ~2~) 


l|V«|| s 


abXi + IM| 2 + t^(6Ai - 5 ) w k ) 2 . (4.26) 

v ' k =1 

We choose in the last inequality 5 = S 0 , dehned in (14.211) . and obtain the inequality 
i t E ^ t ) + E e (t) + ^vbXi\\X7u\\ 2 - (a + ^Ai b\ \\u\\ 2 + ^bX x J^(u, w k ) 2 . (4.27) 

' ' k =1 


Finally, employing in (14.271) inequality (I2.30j) . and the conditions (14. 19j) and (14.201) we 
obtain the desired inequality 

^-E'e(^) + 8oE e (t) < 0. 

Thanks to (j4.24j) . this inequality implies the desired decay estimate (14.22 


□ 

Remark 4.5. In a similar way we can prove exponential stabilization of solutions to 
strongly damped Boussinesq equation, with homogeneous Dirichlet boundary conditions 


d 2 u — ud^u — bd 2 d t u + d 2 (au — \u\ p 2 u) = —pui, x G (0, L), t > 0, 
u(0,t) = u(L,t ) = d 2 u(t),t) = d 2 u(L,t ) = 0, t > 0, 

where a, is, b are given positive parameters, and in is a controller of the 


(4.28) 


N 


w = ^ A k (u, w k )w k , X k 


k 2 n 


k =1 


L 2 


2 . kTT 

, w k [x) = sin —. 


Here also we can hnd N and p large enough such that 

ll^)|li- 1( o,L) + ll^)ir<^oe- 5t 

with some 6 > 0, depending on parameters of the problem, i.e. v, b,p and L. 
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Remark 4.6. It is worth noting that the estimates we obtained in Theorem 12.51 and 
Theorem 14.41 are valid for weak solutions of the corresponding problems from the class of 
functions such that 

d t u G L°°(M + ; L 2 (D)), u e L°°(M + ; n 17(D)). 

Existence of a weak solution for each of these problems, as well as justification of our 
estimates can be done by using the Galerkin method (see e.g. rat We would like also 
to note that the feedback stabilization estimate for problem (I2.241i - fl2.25h is established, 
for arbitrary p > 2, without any restrictions on the spatial dimension of the domain hi. 
As far as we know, even uniqueness of a weak solution in the case p > 5, hi C M 3 , is an 
open problem. 

Remark 4.7. It is also worth mentioning that the feedback stabilization of nonlinear 
damped wave equation, nonlinear strongly damped wave equation, nonlinear wave equa¬ 
tion with nonlinear damping term with controllers involving finitely many parameters, 
can be shown by employing the concept of general determining functionals (projections) 
introduced in 0.i, then exploited and developed for the study of dissipative wave equa¬ 
tions J6]. 

Recently it was shown in |15j . [ IB] and [18] that the approach of a new feedback control¬ 
ling of dissipative PDEs using finitely many determining parameters can be used to show 
that the global (in time) dynamics of the 2D Navier - Stokes equations, and of that of the 
ID damped driven nonlinear Schrodinger equation 

id t u — d 2 u + i^u + \u\ 2 u = f, b > 0, 

can be embedded in an infinite-dimensional dynamical system induced by an ordinary 
differential equation, called determining form, governed by a global Lipschitz vector field. 
The existence of determining form for the long-time dynamics of nonlinear damped wave 
equation and nonlinear strongly damped wave equation is a subject of a future research. 
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